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Abstract
For teleparallel gravity in four dimensions, Lucas and Pereira have shown that a generalized
Hodge dual for torsion tensor can be defined with coefficients determined by mathematical consis-
tency. In this paper, we demonstrate that a direct generalization to other dimensions fails and no
new generalized Hodge dual operator could be given. Furthermore, if one enforces the definition
of a generalized Hodge dual to be consistent with the action of teleparallel gravity in general di-
mensions, the basic identity for any sensible Hodge dual would require an ad hoc definition for the
second Hodge dual operation which is totally unexpected. Therefore, we conclude that at least for
the torsion tensor, the observation of Lucas and Pereira only applies to four dimensions.
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I. INTRODUCTION
Teleparallel gravity is a gauge theory for the translation group. Although the central role
in this theory is played by torsion rather than curvature, it is in fact equivalent to general
relativity [1]. In contrast with those internal (Yang-Mills-type) gauge theories, teleparallel
gravity is generally associated with soldered bundles where the spacetime (external) and
gauge (internal) indices can be transformed into each other through tetrad fields eaµ. Due
to this property, one can construct more types of scalar from torsion tensor than the usual
internal gauge theories where no transformation between external and internal indices hap-
pens. For example, in internal gauge theories, a scalar can be constructed as FAµνFAµν
with A the internal index and µν the spacetime indices; however, in teleparallel gravity, in
addition to term T aµνTaµν = T
aµνeλaTbµνe
b
λ = T
λµνTλµν that corresponds to F
AµνFAµν , terms
like T aµνTµaν = T
λµνTµλν and T
µa
µT
ν
aν = T
µλ
µT
ν
λν are also possible.
The appearance of new scalar terms in teleparallel gravity makes the definition of Hodge
dual for torsion tensor, the gauge field strength of the translation group, a nontrivial ques-
tion. Nevertheless, in the case of D = 3 + 1 teleparallel gravity, Lucas and Pereira [2]
(partially based on the investigation in [3]) have proposed an approach to find this general-
ization for the torsion tensor. In their approach, similar to the case of Yang-Mills theories
in D = 3+1 spacetime where the Hodge dual of Yang-Mills field strength FAµν is defined as
(⋆F )Aµν =
1
2
hǫµνρσF
Aρσ [1] , they speculated that the generalized Hodge dual for torsion in
D = 3 + 1 should have the form as
(⋆T )λµν = hǫµνρσ
(a
2
T λρσ + aT ρλσ + cT θρθg
λσ
)
, (1)
the first term is just as that in Yang-Mills theories, the second and third term appear due to
new possibilities of index contraction, furthermore, the factor 1
2
in the first term is needed
to remove equivalent terms of the summation. Then, for the generalized Hodge dual of a
k-form to be consistent, it should obey the following property
⋆ ⋆Ak = (−1)k(D−k)+(D−s)/2Ak, (2)
[1] In this definition, we write the parentheses explicitly to remind the reader that the indices Aµν denote the
indices of the Hodge dual of field strength, ⋆F , which should not be confused with the indices Aµν in the
field strength F in FAµν .
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with D the dimension of the spacetime and s the metric signature, in the case of D = 4 and
s = 2, (2) implies that
(⋆ ⋆ T )λµν = −T
λ
µν . (3)
Roughly speaking, (1) and (3) tell that, with appropriate factors, the operation of Hodge dual
square maps differential form back to itself. This key constraint will eventually enable one
to determine the unknown coefficients in definition (1). In this way, a consistent definition
for the generalized dual torsion in D = 3 + 1 has been found in [2].
The primary motivation of the present work is to extend the above idea to general di-
mensions with D ≥ 2 + 1. We will show that, the extension is not so straightforward as
expected, in fact, no solution will exist for the constraint equation, see (24) and (30) below.
We ultimately find that two basic requirements suffice to lead to a new definition which is
applicable to general dimensional teleparallel gravity. Firstly, one still has to impose the key
property (2) of a consistent Hodge dual. Secondly, we demand that starting with the wedge
product of the torsion tensor and its generalized Hodge dual, the standard Lagrangian of
teleparallel gravity should be naturally reproduced. The caveat is that the new definition
involves a specific second Hodge dual operation whose mathematical reliability and physical
importance need to be critically inspected.
The structure of this paper is as follows. In the next section, we explain the procedure
of [2] in detail to obtain the D = 3 + 1 generalized Hodge dual torsion. We then explicitly
show in section III that a straightforward generalization fails in D = 2+ 1. In section IV, a
possible solution to this problem is given for the teleparallel gravity in general dimensions.
We conclude our discussion in section V.
II. GENERALIZED HODGE DUAL FOR TORSION IN D = 3 + 1: A DETAILED
DERIVATION
Since we aim to extend the method of [2] (see also Chapter 8 of [1]) to general dimensions,
it would be instructive to fill in the detail of this process as outlined there. This will prove
to be necessary especially when one realizes that the generalization turns out to be not so
straightforward. To streamline the exposition, we denote the generalized Hodge dual (⋆T )λµν
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as Bλµν . Thus according to the definition in (1), we have
Bλγδ =
1
h
ǫγδαβ
(a
2
T λαβ + aT
λ
α β + cT
τ
ατg
λ
β
)
, (4)
Bγλδ =
1
h
ǫλδαβ
(a
2
T
γ
αβ + aT
γ
α β + cT
τ
ατg
γ
β
)
, (5)
B
θγ
θ =
1
h
ǫγθαβ
(a
2
Tθαβ + aTαθβ + cT
τ
ατgθβ
)
. (6)
On the other hand, we have
(⋆ ⋆ T )λpiχ = (⋆B)
λ
piχ = hǫpiχγδ
(a
2
Bλγδ + aBγλδ + cBθγθg
λδ
)
. (7)
Inserting (4)-(6) into (7), we arrive at
(⋆ ⋆ T )λpiχ = (⋆B)
λ
piχ = hǫpiχγδ
[
a
2h
ǫγδαβ
(a
2
T λαβ + aT
λ
α β + cT
τ
ατg
λ
β
)
+
a
h
ǫλδαβ
(a
2
T
γ
αβ + aT
γ
α β + cT
τ
ατg
γ
β
)
+
c
h
ǫγθαβ
(a
2
Tθαβ + aTαθβ + cT
τ
ατgθβ
)
gλδ
]
= ǫpiχγδǫ
γδαβ
(a2
4
T λαβ +
a2
2
T λα β +
ac
2
T τατg
λ
β
)
+ǫpiχγδǫ
λδαβ
(a2
2
T
γ
αβ + a
2T
γ
α β + acT
τ
ατg
γ
β
)
+ǫpiχγδǫ
γθαβ
(ac
2
Tθαβ + acTαθβ + c
2T τατgθβ
)
gλδ. (8)
The general formula for the products of Levi-Civita symbols reads
ǫi1...ik ik+1...inǫ
i1...ik jk+1...jD = (−1)(D−s)/2k!(D − k)! δ
[jk+1
ik+1
...δ
jD ]
iD
(9)
with D the spacetime dimension and s the signature of the metric (in present case D = 4
and s = 2). Taking advantage of this fact, we get the following useful expressions
ǫpiχγδǫ
γδαβ = −2
(
δαpiδ
β
χ − δ
β
piδ
α
χ
)
, (10)
ǫpiχγδǫ
λδαβ = −
(
δλpiδ
α
χδ
β
γ + δ
α
piδ
β
χδ
λ
γ + δ
β
piδ
λ
χδ
α
γ − δ
α
pi δ
λ
χδ
β
γ − δ
β
piδ
α
χδ
λ
γ − δ
λ
piδ
β
χδ
α
γ
)
, (11)
ǫpiχγδǫ
γθαβ = −
(
δθpiδ
α
χδ
β
δ + δ
α
piδ
β
χδ
θ
δ + δ
β
piδ
θ
χδ
α
δ − δ
α
piδ
θ
χδ
β
δ − δ
β
piδ
α
χδ
θ
δ − δ
θ
piδ
β
χδ
α
δ
)
, (12)
it’s apparent that the spacetime dimension D will come into the final result from term
ǫpiχγδǫ
λδαβ · acT τατg
γ
β .
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Then, with (10)-(12), we can simplify (8) to
(⋆ ⋆ T )λpiχ = −(2a
2 − ac)T λpiχ − (2a
2 + ac)
(
T λpi χ − T
λ
χ pi
)
−
[
2a2 + (D − 3)ac
](
T τχτδ
λ
pi − T
τ
piτδ
λ
χ
)
. (13)
By recalling the basic property of a Hodge dual operator as in (3), we get the following
constraint equations 

2a2 − ac = 1,
2a2 + ac = 0,
2a2 + (D − 3)ac = 0.
(14)
In D = 3 + 1 case, the problem boils down to solving two equations as


2a2 − ac = 1,
2a2 + ac = 0.
(15)
The solution can be found to be a = 1
2
, c = −1. Note that a generalization of the usual
expression (⋆F )Aµν =
1
2
hǫµνρσF
Aρσ requires a to be positive. So we have discarded the other
solution a = −1
2
, c = 1 as in [2].
All in all, the generalized Hodge dual torsion we are looking for is
(⋆ T )λµν = hǫµνρσ
(1
4
T λρσ +
1
2
T ρλσ − T
θρ
θg
λσ
)
, (16)
and a consistency check is that this definition can be used to reproduce the Lagrangian of
teleparallel gravity.
It should be stressed that although one necessarily has D = 3 + 1 here, we retain the
constant D in the above derivation to track that how the spacetime dimension comes into
play. By closely examining the D = 2+1 case in the subsequent section, it will become clear
that the main obstacle to a straightforward generalization of the above procedure could be
precisely attributed to the nontrivial role of the spacetime dimension.
III. THE D = 2 + 1 CASE: A NAIVE APPROACH AND ITS PROBLEM
Our work grows out of an effort to study the properties of a generalized Hodge dual in
the D = 2 + 1 case which we expatiate upon in this section. By analogy with the previous
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discussion, a generalized Hodge dual for torsion in D = 2 + 1 could be defined as
(⋆T )λµ = hǫµρσ
(a
2
T λρσ + aT ρλσ + cT θρθg
λσ
)
. (17)
As before, the relative factor in front of the first two terms is necessary to remove equivalent
terms coming from the summation. By denoting (⋆T )λµ as B
λ
µ, we have
Bλγ =
1
h
ǫγαβ
(a
2
T λαβ + aT
λ
α β + cT
τ
ατg
λ
β
)
, (18)
Bγλ =
1
h
ǫλαβ
(a
2
T
γ
αβ + aT
γ
α β + cT
τ
ατg
γ
β
)
, (19)
Bθθ =
1
h
ǫθαβ
(a
2
Tθαβ + aTαθβ + cT
τ
ατgθβ
)
. (20)
On the other hand, we have
(⋆ ⋆ T )λpiχ = (⋆B)
λ
piχ = hǫpiχγ
(
aBλγ + aBγλ + cBθθg
λγ
)
. (21)
Because of the absence of equivalent terms of the summation here, one has the same factors
in front of the first two terms which is totally different from the case in D = 3 + 1.
Inserting (18), (19) and (20) into (21), one can find that two successive operations of
generalized Hodge dual lead to
(⋆ ⋆ T )λpiχ = (⋆B)
λ
piχ = hǫpiχγ
[
a
h
ǫγαβ
(a
2
T λαβ + aT
λ
α β + cT
τ
ατg
λ
β
)
+
a
h
ǫλαβ
(a
2
T
γ
αβ + aT
γ
α β + cT
τ
ατg
γ
β
)
+
c
h
ǫθαβ
(a
2
Tθαβ + aTαθβ + cT
τ
ατgθβ
)
gλγ
]
= −(2a2 − ac)T λpiχ − (2a
2 + ac)
(
T λpi χ − T
λ
χ pi
)
−
[
2a2 + (D − 3)ac
](
T τχτδ
λ
pi − T
τ
piτδ
λ
χ
)
. (22)
For theD = 2+1 case here, we have D = 3, s = 1, thus (2) implies that (⋆⋆T )λµν = −T
λ
µν .
Therefore, the constraint equations for the coefficients are given as


2a2 − ac = 1,
2a2 + ac = 0,
2a2 + (D − 3)ac = 0.
(23)
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This means that we have to solve the equation set


2a2 − ac = 1,
2a2 + ac = 0,
2a2 = 0.
(24)
Since no solution could be found, we arrive at the conclusion that a naive implementation of
the approach in [2] does not work for D = 2 + 1 case. In fact, the constraint equations will
always have no sensible solutions except for the four dimensional case. However, as we shall
show in the next section, a new generalized Hodge dual could indeed be given for the torsion
tensor in general dimensions. The new definition will also be in accord with the standard
Lagrangian of teleparallel gravity.
IV. GENERAL DIMENSIONS: TOWARDS A NEW DEFINITION
A. A direct generalization
For the torsion tensor in general dimensions with Lorentzian signature, we start with the
following definition of a generalized Hodge dual
(⋆T )λα1...αD−2 = hǫα1...αD−2µν
(a
2
T λµν + aT µλν + cT θµθg
λν
)
. (25)
It can be easily checked that this definition go back to (1) when the spacetime comes to the
D = 3 + 1 case. Accordingly we have
(⋆T )λα1...αD−2 =
1
h
ǫα1...αD−2µν
(a
2
T λµν + aT
λ
µ ν + cT
θ
µθg
λ
ν
)
, (26)
(⋆T )α1λ...αD−2 =
1
h
ǫλ...αD−2µν
(a
2
T α1µν + aT
α1
µ ν + cT
θ
µθg
α1
ν
)
, (27)
(⋆T )
α1θα3...αD−2
θ =
1
h
ǫα1θα3...αD−2µν
(a
2
Tθµν + aTµθν + cT
ρ
µρgθν
)
. (28)
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Two successive operations of generalized Hodge dual lead to
(⋆ ⋆ T )λαβ = [⋆(⋆T )]
λ
αβ
= hǫαβα1...αD−2
[
(⋆T )λα1...αD−2 · a ·
1
(D − 2)!
+ (⋆T )α1λ...αD−2 · a ·
1
(D − 3)!
+(⋆T )
α1θα3...αD−2
θ g
λα2 · c ·
1
(D − 3)!
]
= hǫαβα1...αD−2
[
1
h
ǫα1...αD−2µν
(a
2
T λµν + aT
λ
µ ν + cT
θ
µθg
λ
ν
)
· a ·
1
(D − 2)!
+
1
h
ǫλ...αD−2µν
(a
2
T α1µν + aT
α1
µ ν + cT
θ
µθg
α1
ν
)
· a ·
1
(D − 3)!
+
1
h
ǫα1θα3...αD−2µν
(a
2
Tθµν + aTµθν + cT
ρ
µρgθν
)
gλα2 · c ·
1
(D − 3)!
]
. (29)
The coefficients 1
(D−2)!
, 1
(D−3)!
are included here to remove the equivalent terms of the sum-
mation.
From the basic formula (2), we see that for any 2-form in any dimensional Lorentzian
manifold, two operations of Hodge dual always result in minus the 2-form, i.e. (⋆ ⋆ T )λµν =
−T λµν . Through a similar manipulation as in the previous sections, we arrive at:

2a2 − ac = 1,
2a2 + ac = 0,
2a2 + (D − 3)ac = 0.
(30)
Now we have three equations for two unknown quantities. One may observe that this
equation set generally has no solution unless in the four dimensional case, thus the original
definition (1) could not be directly extended to a spacetime in general dimensions.
B. A modified approach
To explore the possibility of a new generalized Hodge dual, let’s first notice the fact that
the action of teleparallel gravity described in language of differential forms involves only one
Hodge dual operation of the field strength. Meanwhile, its Lagrangian is known to assume
the following form
L = h
(1
4
TλµνT
λµν +
1
2
TλµνT
µλν − T θµθT
ρµ
ρ
)
. (31)
The form of this action is actually independent of the spacetime dimension, see e.g. [4]. To
ensure the equivalence to general relativity, the coefficients in (25) are uniquely determined
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to be a = 1
2
, c = −1 which are the same as the D = 3 + 1 case. In other words, the first
Hodge dual operation on torsion tensor in teleparallel gravity must be defined as
(⋆T )λα1...αD−2 = hǫα1...αD−2µν
(1
4
T λµν +
1
2
T µλν − T
θµ
θg
λν
)
. (32)
Note that the action (31) has been used as a starting point for the recent investigation of
five dimensional teleparallel gravity [5].
Let’s now recall another constraint imposed by mathematical consistency that two suc-
cessive operations of generalized Hodge dual should map torsion tensor back to itself, i.e.
the key property (2). In order to satisfy this condition and retain (32) at the same time,
the second operation of generalized Hodge dual must be defined appropriately. While this
is trivially realized in D = 3 + 1 where the second Hodge dual has the same parameters
as the first Hodge dual, its realization in a spacetime with general dimensions is not so
straightforward.
In order to find the second operation of generalized Hodge dual, it is convenient to
introduce three new coefficients: A,B and C. We also denote the second Hodge dual
operation with a new sign ∗ to distinguish it from the first Hodge dual operation. If we
reserve the original coefficients a, c for the moment, two operations of the Hodge dual lead
to the following expression
(∗ ⋆ T )λαβ = [∗(⋆T )]
λ
αβ
= hǫαβα1...αD−2
[
(⋆T )λα1...αD−2 · a ·
1
(D − 2)!
·A + (⋆T )α1λα2...αD−2 · a ·
1
(D − 3)!
·B
+(⋆T )
α1θα3...αD−2
θ g
λα2 · c ·
1
(D − 3)!
· C
]
= hǫαβα1...αD−2
[
1
h
ǫα1...αD−2µν
(1
2
aT λµν + aT
λ
µ ν + cT
θ
µθg
λ
ν
)
· a ·
1
(D − 2)!
· A
+
1
h
ǫλ...αD−2µν
(1
2
aT α1µν + aT
α1
µ ν + cT
θ
µθg
α1
ν
)
· a ·
1
(D − 3)!
· B
+
1
h
ǫα1θα3...αD−2µν
(1
2
aTθµν + aTµθν + cT
ρ
µρgθν
)
gλα2 · c ·
1
(D − 3)!
· C
]
. (33)
After a similar calculation as before, we get


a2(A+B)− ac · C = 1,
a2(A+B) + ac · C = 0,
−ac · A+
[
(D − 2)ac+ 2a2
]
· B = 0.
(34)
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It is reassuring that a solution could indeed be found once we insert the values of a, c.
Concretely the results are 

A = 2(D−3)
D−2
,
B = 2
D−2
,
C = 1.
(35)
To sum up, in order to be compatible with the physical requirement that the teleparal-
lel gravity is equivalent to general relativity, and the mathematical requirement that two
successive operations of generalized Hodge dual map the torsion tensor back to itself, the
generalized Hodge dual for torsion tensor in teleparallel gravity must be defined twofold.
The first operation of generalized Hodge dual is defined as
(⋆T )λα1...αD−2 = hǫα1...αD−2µν
(1
4
T λµν +
1
2
T µλν − T
θµ
θg
λν
)
, (36)
while the second operation of generalized Hodge dual must be defined in a spacetime-
dimension dependent way as
(∗ ⋆ T )λαβ = [∗(⋆T )]
λ
αβ
= hǫαβα1...αD−2
[
1
(D − 2)2(D − 4)!
· (⋆T )λα1...αD−2
+
1
(D − 2)!
· (⋆T )α1λα2...αD−2 −
1
(D − 3)!
· (⋆T )
α1θα3...αD−2
θ g
λα2
]
. (37)
Note that for a general Euclidean spacetime, each of the basic formulas (2) and (9) involves
an extra sign, so we will essentially get the same results as the Lorentzian case.
This quite intriguing or even doubtful discovery may deserve further investigation. How-
ever, building on our previous discussions, we may safely conclude that the approach of
Lucas and Pereira is only applicable in four dimensional teleparallel gravity.
V. CONCLUSION
As a gauge theory for the translation group, teleparallel gravity deserves a Hodge dual for
its gauge field strength, the torsion tensor, as that always happens in usual internal gauge
theories. However, that the internal and external indices in this theory can be transformed
into each other, which leads to appearance of new terms in the possible Hodge dual, makes
introducing a generalized Hodge dual operator a nontrivial work.
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In the context of four dimensional teleparallel gravity, such a definition for the torsion
tensor has been proposed in [2]. At first glance, it seems that a well defined generalized
Hodge dual in general dimensions can be reasonably expected. However, we find that a
naive implementation of their approach will inevitably lead to the conclusion that no gen-
eralized Hodge dual exists in general dimensions, see (24) and (30). Since the Lagrangian
of teleparallel gravity takes a form which is independent of spacetime dimension, a key
property of any consistent Hodge dual demands a new definition for the second operation
of a generalized Hodge dual in general dimensions. After some exploration, this possible
generalization for the torsion tensor has finally been obtained, see (36) and (37). Although
this discovery definitely demands an explanation, we have no wisdom to add at this mo-
ment. Furthermore, these results imply that the approach of Lucas and Pereira can only be
implemented in dimension four, but not in the general case.
One should notice that the form of the new generalized Hodge dual presented here is
model dependent. If we take New General Relativity [6], a generalized teleparallel model
with three arbitrary parameters that L = h
(
a1TλµνT
λµν + a2TλµνT
µλν + a3T
θ
µθT
ρµ
ρ
)
, in-
stead of teleparallel gravity considered in this work, one would apparently arrive at new
constraint equations, and get a different definition of the generalized Hodge dual for torsion
tensor. Nevertheless, one could still use the modified approach to find a possibly consistent
generalized Hodge dual.
For further directions, the generalized Hodge dual for Riemann tensor in general di-
mensions may be investigated along the same line (which deserves a separate treatment).
Furthermore, in view of the discussion in [3], the relevant self dual teleparallel gravity is
worth of further research. Thirdly, it may be possible to use the generalized Hodge dual to
reproduce the Lagrangian of conformally invariant teleparallel gravity [7–10]. Finally, our
work may have interesting connections with some other previous studies in [5, 11–13].
[1] R. Aldrovandi and J. G. Pereira, “Teleparallel Gravity : An Introduction,” Springer, Dordrecht
(2013).
[2] T. G. Lucas and J. G. Pereira, “Hodge Dual for Soldered Bundles,” J. Phys. A 42 (2009)
035402 [arXiv:0811.2066 [gr-qc]].
11
[3] V. C. de Andrade, A. L. Barbosa and J. G. Pereira, “Gravitation and duality symmetry,” Int.
J. Mod. Phys. D 14 (2005) 1635 [gr-qc/0501037].
[4] T. Ortin, “Gravity and strings,” Cambridge Unversity, Cambridge University Press, 2004.
[5] C. -Q. Geng, L. -W. Luo and H. -H. Tseng, “Teleparallel Gravity in Five Dimensional Theo-
ries,” Class. Quant. Grav. 31 (2014) 185004 [arXiv:1403.3161 [hep-th]].
[6] K. Hayashi and T. Shirafuji, “New General Relativity,” Phys. Rev. D 19 (1979) 3524
[Addendum-ibid. D 24 (1982) 3312].
[7] J. W. Maluf and F. F. Faria, “Conformally invariant teleparallel theories of gravity,” Phys.
Rev. D 85 (2012) 027502 [arXiv:1110.3095 [gr-qc]].
[8] Z. Haghani, T. Harko, H. R. Sepangi and S. Shahidi, “Weyl-Cartan-Weitzenboeck gravity as
a generalization of teleparallel gravity,” JCAP 1210 (2012) 061 [arXiv:1202.1879 [gr-qc]].
[9] J. B. Formiga, J. B. Fonseca-Neto and C. Romero, “An Extension of Teleparallelism and
the Geometrization of the Electromagnetic Field,” Phys. Rev. D 87 (2013) 6, 067702
[arXiv:1302.0900 [gr-qc]].
[10] K. Bamba, S. D. Odintsov and D. Sa´ez-Go´mez, “Conformal symmetry and accelerating
cosmology in teleparallel gravity,” Phys. Rev. D 88 (2013) 084042 [arXiv:1308.5789 [gr-qc]].
[11] Y. .N. Obukhov and J. G. Pereira, “Metric affine approach to teleparallel gravity,” Phys. Rev.
D 67 (2003) 044016 [gr-qc/0212080].
[12] R. da Rocha and W. A. Rodrigues, Jr, “Rigorous Formulation of Duality in Gravitational
Theories,” J. Phys. A 43 (2010) 205206 [arXiv:0910.2021 [math-ph]].
[13] G. Kofinas and E. N. Saridakis, “Teleparallel equivalent of Gauss-Bonnet gravity and its
modifications,” Phys. Rev. D 90 (2014) 084044 [arXiv:1404.2249 [gr-qc]].
12
